For a bipartite entangled state shared by two observers, Alice and Bob, Alice can affect the postmeasured states left to Bob by choosing different measurements on her half. Alice can convince Bob that she has such ability, if and only if the unnormalized post-measured states can not be described by a local hidden state model. Simultaneously, the entangled state is said to have the nonclassical correlation, Eistein-Podosky-Rosen steering. In this work, we present an optimal construction of the construction of local hidden state models of Bell diagonal states, based on the seminal work by Werner [Phys. Rev. A 40, 8 (1989)]. Our models are exactly consistent with the ones given by Jevtic et .al. [J. Opt. Soc. Am. B 32, A40 (2015)], in which the probability distribution of hidden states is derived by numerical testing, based on the steering ellipsoid.
I. INTRODUCTION
Many concepts have been presented to describe the nonclassical correlations in composite quantum systems [1] [2] [3] [4] [5] . The definations of these correlations rely on the division between the quantum and classical worlds [3] . Entanglement [2] is the most prominent of these correlations, which exists in the quantum systems whose states cannot be expressed as a mixture of product states. The violation of local hidden variable (LHV) model by the outcomes of local measurements demonstrates the Bellnonlocality [4, 5] . Entanglement is a necessary codition of Bell-nonlocality, as any separable (unentangled) state can be modeled by a LHV theory. However, the sufficiency of this statement does not hold up. This result was found by Werner [6] , who constructed an explicit LHV model of a family of highly symmetric mixed entangled states, known as the Werner states today. That is, Bell-nonlocality is a stronger correlation than entanglement.
Eistein-Podosky-Rosen (EPR) steering lies between Bell-nonlocality and entanglement [7] . The term steering was introduced by Schrödinger [8] . It means that, when they share an entangled state, Alice can prepare Bob's system into different states by choosing her local measurement. The singlet state of two qubits can serves as a simplest example. It is given by
where |0 and |1 are the eigenstates of the third Pauli operator σ z , and |± = (|0 ± |1 )/ √ 2 are the ones of the first Pauli operator σ x , satisfying σ z |0 = |0 and σ z |1 = −|1 and σ x |± = ±|± . Alice can project Bob's system into one of the states |0 and |1 , or of |+ and |− , by measuring on σ z or σ x .
The operational definition of EPR steering was provided by Wiseman et. al. [7] . An entangled state ρ AB , * Corresponding author: flzhang@tju.edu.cn shared by Alice and Bob, is said to have EPR steering from Alice to Bob, when it can be used to demonstrate Alice's ability of steering. This is equivalent to the set of unnormalized post-measured states in Bob's hands, often referred to as an assemblage, can not by described by a local hidden state (LHS) model. Intuitively, the LHS model provides a simulation of Alice's outcomes and the post-measured states, by using a preparation strategy of Bob's state in which no entanglement is involved.
Recently, the applications of EPR steering are explored in quantum information processing, such as quantum key distribution [9] and randomness generation [10] . Experimental investigations [11, 12] and application in detecting entanglement [13] have also been reported. However, the explicit construction of LHS models is an extremely difficult problem even for the simplest case of two qubits. Wiseman et. al. [7] point out that the LHV model in Werner's seminal work [6] are in fact LHS models for Werner states. We only have a few LHS models beyond Werner's original construction, such as the ones in [14] [15] [16] [17] [18] .
The motivation of the present work is to develop a deterministic LHS model for projective measurements on the Bell diagonal states, or say T-states [19] [20] [21] . The eigenstates of these states are four Bell basis and its reduced states are maximally mixed. We convert this problem to the LHS model of the Werner states, by using a transformation on the Bloch vector of the hidden states. Our models are exactly consistent with the recent results given by Jevtic et .al. [17] based on the steering ellipsoid [22] . The optimization of such models is demonstrated by its relation with Werner's construction. Our transformation provides a process to generalize the existing LHS models.
In next section, we formally introduce the concepts of LHS model and EPR steering. Sec. III studies the LHS models for Bell diagonal states, and Sec. IV is a summary.
II. LHS MODEL & EPR STEERING
Let Π x a denotes Alice's measurement operator of an observable labled by x, corresponding to outcome a. After her measurement, the unnormalized post-measured state left to Bob is
where 1 1 is the unit operator of Bob's subsystem and Tr A is the partial trace over Alice's part. The conditional probability of Alice's outcome is given by P A (a|x) = Trρ a|x and the normalized state prepared for Bobρ a|x = ρ a|x /P A (a|x). The reduced state of Bob satisfies ρ B = Tr A ρ AB = a ρ a|x for all measurements x, ensuring that Alice cannot signal to Bob.
A LHS model is defined as
where λ represents a classical (hidden) variable with a distribution ω(λ), ρ λ is a state of Bob's system depending on λ, and P A (a|x, λ) is a probability of outcome a under the condition of x and λ. If there exists a LHS model satisfying
for all the measurements, the results of her measurements, can be simulated by a LHS strategy without any entangled state. Namely, after generating the random variable λ, Alice prepares a single particle state ρ λ send it to Bob, and announces that she measures x and obtain the outcome a according to the condition probability P A (a|x, λ). The receiver can not distinguish whether his state and a are the results of Alice's local measurement on ρ AB or she cheats by using the LHS strategy.
The EPR steering from Alice to Bob is demonstrated by the inexistence of LHS model satisfying (4) . It is the nonlocal correlation, reflected in the effect of Alice local measurement on Bob's states, which can not be simulated by a strategy of single particle state preparation. The EPR steering from Bob to Alice also can be defined by reversing their roles in the above.
From the form of ρ LHS a|x in (3), one can find that EPR steering is stronger than entanglement, and weaker than Bell nonlocality. If P A (a|x, λ) is restricted to conditional probabilities of measurements on Alice's single particle states, ρ LHS a|x represents the assemblage of a seperable state. On the other hand, one can derive the joint measurement probability for a state with LHS model as P (a, b|x, y) = dλω(λ)P A (a|x, λ)P B (b|y, ρ λ ), where P B (b|y, ρ λ ) = Tr B (Π y b ρ λ ) with Π y b being Bob's measurement operator of observable y and outcome b. Obviously, it is a LHV model with a constraint on the conditional probability of Bob's outcome.
III. GENERALIZED WERNER'S MODEL

A. Requirements
A Bell diagonal state [19] [20] [21] can be expressed in the local Pauli basis
where T = Diag[T x , T y , T z ] is a diagonal spin correlation matrix. It is is physical if T belongs to the tetrahedron in the space of (T x , T y , T z ), defined by the set of vertices (1, 1, 1 [18, 23, 24] .
In this work we focus on the case of Alice's local von Neumann measurements, which can be expressed by the projector
with outcome a = ±1, x denoting a unit vector on the Bloch sphere and x · σ = x 1 σ x + x 2 σ y + x 3 σ z . After her measurements, Bob's particle is left in the unnormalized state
where
Let us look briefly at the LHS models, ρ LHS a|x , defined in (3) for a two-qubit system. It is universal to take the local hidden states ρ λ to be pure qubit states, as the eigenvalues of mixed states can be merged into the distribution ω(λ). Hence, the hidden variable can be represented by the unit Bloch vector λ = (sin θ cos φ, sin θ sin φ, cos θ) with
And, the integral is over the Bloch sphere with surface element dλ = sin θdθdφ. The conditional probability can be written as
where the function f (x, λ) ∈ [−1, 1]. Substituting these into the definition of LHS models in (3) and requiring it to conform to the assemblage in (7), one can find the requirements on ω(λ) and f (x, λ) as
The first relation is the normalization of distribution ω(λ), and the second and third ones correspond to the absence of local Bloch vectors in the Bell diagonal states. A solution to the requirements (10) for the symmetric situation T x = T y = T z = t, corresponding to Werner states, is give by
where c ∈ [0, 1] and sgn is the sign function. Then, the first three equations hold and the fourth one (10d) is
That is, the Werner state with visibility parameter t ∈ [0, 1/2] has a LHS model described by the construction in (11) with c = 2t. The maximum of c = 1, and simultaneously t = 1/2, represents the EPR-steerable boundary for Werner states.
B. Construction
To generalized Werner's model, we assume the matrix T is invertible, satsifying det T = T x T y T z = 0. The results with one or two zero eigenvalues of T can appear as limiting cases of our following construction. Suppose that T 0 is a normalized matrix satisfying i=x,y,z |T 0i | = 1, which can label a family of states with T = tT 0 and t > 0. The optimal LHS model is the one maximizing the visibility parameter t for a fixed T 0 . For a state with a smaller value of t, its LHS model can be trivially constructed as a convex combination of the optimal model and the one of maximally mixed state. Hence, we only give the optimal construction in the following part.
We start with the relation (10d). Performing the inverse matrix T −1 0 on it, one has
The integral, on the left side of the equation, can be transformed into the one over the unit vector
where the denominator is the euclidean vector norm of T
It is connected with the one of λ by the Jacobian determinant as
Let
As
According with the construction of Werner, among the functions ω(λ) with a fixed C(T 0 ), the optimal solution of relation (10d) is ω ′ (λ ′ ) = 1/(4π) and f (x, λ) = sgn( λ ′ · x). They can be written as
and leads to the maximum visibility parameter
The second step is to determine the value of C(T 0 ) by using the normalization condition (10a). It is given by
It is easy to find that the relations (10b) and (10c) hold, by the symmetries of the two functions in (17) . Equation (19) can also be expressed in the critical spin correlation matrix T c = T 0 C(T 0 )/2 as 2π| det T c | = |T
which coincides Eq. (15) in [17] . In terms of T c , the definations of ω(λ) and f (x, λ) in (17) also give the same results in [17] .
IV. SUMMARY
We present a construction of LHS models for Bell diagonal states, by transforming the requirement on distributions into the ones for Werner states. Such models consistent with the ones given by Jevtic et. al. [17] by using the steering ellipsoid [22] . Our process provides an answer to the open question left in [17] that the LHS models for Bell diagonal states are optimal. On the other hand, the transformation makes it possible to prove our construction without complex integrals. Following this method, one may generalize the existing LHS models to more general states.
